It is shown that a metric continuum X is a dendrite if and only if for every compact space (continuum) Y and for every light confluent mapping
A well-known theorem of G. T. Whyburn (see [15, Theorem 2.4, p. 188] ) says that if f : X → Y is a light open mapping from a compact space X onto Y , and a dendrite D is contained in Y , then for each point x 0 ∈ f −1 (D) there is a dendrite D ⊂ X with x 0 ∈ D such that f maps D homeomorphically onto D. This result has been extended in several ways (see e.g. [12] , [13] and [6] ). It is shown in [1] that the property considered in Whyburn's theorem characterizes dendrites among all continua. In the present paper the characterization is further generalized. The most important characterization relies upon replacing open mappings by less restrictive ones such as confluent, locally confluent and some other light mappings.
All spaces considered in this paper are assumed to be metric, and all mappings are continuous. A continuum means a compact connected space. By a dendrite is meant a locally connected continuum containing no simple closed curve. We will also use the concepts of the following classes of mappings: light (i.e., 0-dimensional), monotone, open (denoted here by O), OM-mappings (denoted by OM), confluent (denoted by C), locally confluent (denoted by LC), semi-confluent, and confluent over locally connected continua (denoted by C lc ) as defined, e.g., in [6] , [9] and [15] .
Consider the following two conditions regarding a continuum X and a class M of light mappings.
(ω 0 (M)) For every compact space Y , for every light mapping f :
Note that if O stands for the class of open mappings, then (ω 0 (O)) and (ω(O)) coincide with conditions (ω 0 ) and (ω) from [1] , respectively. It is proved in [1] that (ω 0 ) and (ω) are equivalent to the condition (δ) X is a dendrite. One can also consider conditions (γ 0 ) and (γ) obtained from (ω 0 ) and (ω), respectively, by replacing the phrase "every compact space Y " with "every continuum Y ". Note that the proof of the implication (γ) =⇒ (δ) is exactly the same as the proof of the implication (ω) =⇒ (δ) in [1, Theorem 9, p . 1842] because the compact spaces Y constructed in the proofs of Propositions 6 and 7 of [1] are continua, and the proof of Proposition 8 in [1] remains valid when (ω) is replaced by (γ). Therefore, the following statement completes [1, Corollary 10, p. 1842].
Statement.
For each continuum X, conditions (δ), (ω 0 ), (ω), (γ 0 ) and (γ) are equivalent.
One can pose the following problem. In this paper we show the equivalence for the classes of OM-mappings, confluent, locally confluent and mappings confluent over locally connected continua.
Problem. Does the equivalence in

Observation.
Let X be a continuum, and let M be a class of mappings between compact spaces. Then the following implications are obvious.
(3.1) (ω 0 (M)) =⇒ (ω(M)). According to Observation 4, Problem 2 reduces to the following question.
Question.
For what classes M of mappings containing the class O does each dendrite X satisfy condition (ω 0 (M)) (i.e., does the implication (δ) =⇒ (ω 0 (M)) hold)?
Recall that for M = O the above-mentioned implication,
is just the quoted Whyburn's result; see [15, Theorem 2.4, p. 188 ]. Both assumptions regarding f in (ω 0 ), i.e., lightness and openness, are essential in (6) . For lightness, see e.g. [2, Example 7.1 p. 29]; for openness, one can easily construct a needed mapping from the unit interval onto a simple triod.
Remark.
A space is said to be locally dendritic provided that each of its points has a neighborhood that is a dendrite. If a metric space Y is locally dendritic,
Then lightness of f can be omitted in conditions (ω 0 ) and (ω) (thus in implication (6) as well).
To show the next results, recall two definitions. A mapping f : X → Y between compact spaces is said to be: [4, p. 239 ] and [8, p. 106] , and compare [9, Theorem 4.24, p. 19]); [6, p. 357 ] and compare the concept of a C-set in [5, p. 83, and Theorem 1, p. 84]).
Proposition. Each locally confluent mapping between compact spaces is confluent over locally connected continua.
Proof. Let f : X → Y be a locally confluent mapping between compact spaces, and let B be a locally connected subcontinuum of Y . Then there is a finite family
. . , C n of these components such that c ∈ C 1 and x ∈ f (C n ). Since C n ⊂ C, we get x ∈ f (C), as needed.
9.
Remark. The implication in Proposition 8 cannot be reversed. Indeed, to see a mapping in C lc \ LC, recall that a continuum Y is said to be locally indecomposable provided that there exists ε > 0 such that every subcontinuum of Y of diameter less than ε is indecomposable; and a continuum Y is locally indecomposable if and only if each mapping from any continuum onto Y is locally confluent (see [14, Theorem 10] ). Let Y be a hereditarily decomposable continuum containing no locally connected subcontinuum (see e.g. the continuum Σ in [10, (2.8) and (2.9), pp. [14] [15] [16] ). Then there are a continuum X and a surjection f : X → Y such that f is not locally confluent. Obviously f ∈ C lc , since the definition is satisfied vacuously.
Proposition.
If a mapping f between compact spaces is confluent over locally connected continua and the range space of f is locally connected, then f is confluent.
Proof. Let spaces X and Y be compact, Y be locally connected, and let f : X → Y be in C lc . Take a subcontinuum B of Y . Then there is a decreasing sequence of locally connected subcontinua B n of Y such that B = {B n : n ∈ N} (see [7, §50, III, Theorem 1, p. 260]). Let C be a component of f −1 (B). For each n ∈ N, let C n denote the component of f −1 (B n ) with C ⊂ C n . Since the continua B n are locally connected and f ∈ C lc , we have f (C n ) = B n for each n. The components C n form a decreasing sequence, too, and putting C = {C n : n ∈ N}, it follows that C ⊂ C . On the other hand, 1 (B) , and therefore C = C. Thus f is confluent, and the proof is finished.
The results of Chapter 4 of [9] summarized in [9, We will use Proposition 12 to extend Statement 1 from an open mapping f to any mapping in (11) . Namely, we have the following result. (11) . Then for each continuum X, conditions (δ), (ω 0 (M)) and (ω(M)) are equivalent.
Proposition. Let M denote any class of mappings listed in
Proof. By (11) the class M contains the class of open mappings. Thus, according to Observation 4, to prove the equivalence it is enough to show the implication (δ) =⇒ (ω 0 (M)).
So, let Y be a compact space, f : Y → f (Y ) be a light mapping with f ∈ M, and let a dendrite X ⊂ f (Y ) and a point y 0 ∈ f −1 (X) be given. By (11) each mapping in M is in C lc , and so is f . Consider the following diagram, in which the horizontal arrows denote the inclusion mappings.
The partial mapping f |f −1 (X) : f −1 (X) → X is obviously surjective and light. Furthermore, it is in C lc as the restriction to the preimage of a closed subset of Y of the f ∈ C lc . Moreover, the range space X of this restriction is locally connected. Applying Proposition 11 we conclude that f |f −1 (X) is open, whence, by implication (δ) =⇒ (ω 0 ) of Statement 1 (applied to the mapping f |f −1 (X)), there is a homeomorphic copy X of X in f −1 (X) such that the (double) restriction (f |f −1 (X))|X : X → X is a homeomorphism. Thus (ω 0 (M)) is shown, and the proof is complete.
Remark.
In the Maćkowiak classification of mappings, locally confluent mappings, LC, and semi-confluent ones, SC, are the closest to the class C of confluent mappings; see [9, Table II , p. 28]. In Proposition 13, the implication (δ) =⇒ (ω 0 (LC)) is shown. The implication (δ) =⇒ (ω 0 (SC)) does not hold; see [9, Example 3.12, p. 14] . Consequently, the class of semi-confluent mappings cannot be attached to ones listed in Proposition 13.
In connection with Proposition 12, where local connectedness of either the domain or the range space of f is assumed, consider the following variants of the previous conditions.
(λ 0 (M)) For every compact space Y , for every light mapping f :
in M with locally connected f (Y ) and with X ⊂ f (Y ) and for every point y 0 ∈ f −1 (X) ⊂ Y there exists a homeomorphic copy X of X in Y with y 0 ∈ X such that the restriction f |X : X → f (X ) = X is a homeomorphism. (λ(M)) For every compact space Y and for every light mapping f :
in M with locally connected f (Y ) and with X ⊂ f (Y ) there exists a homeomorphic copy X of X in Y such that the restriction f |X : X → f (X ) = X is a homeomorphism.
It is interesting to know whether the implication (λ(M)) =⇒ (δ) holds for each continuum X and any class M of mappings listed in (11) . According to Proposition 12 it is enough to decide this for the class O of open mappings. We will show that this is indeed the case, i.e., that Theorem 9 of [1, p. 1842] can be strengthened in such a way that condition (ω) (equivalently (γ), see Statement 1) is replaced by (λ(O)).
Proposition.
For each continuum X, the implication (λ(O)) =⇒ (γ) is true.
Proof. Let, as in (γ), a continuum Y and a light open mapping f : Y → f (Y ) be given such that the continuum X is a subset of f (Y ). By [11, Theorem 1, p. 175] there are locally connected continua Y * and Z * such that Y and f (Y ) are subsets of Y * and Z * , respectively, and there is an extension f * of f from Y * onto Z * such that f * is open and
According to the Whyburn factorization theorem for open mappings (see [15, Theorem 4.2, p . 143]) f * can be uniquely factorized in the form f * = g • h so that h : Y * → h(Y * ) is monotone, and g : h(Y * ) → Z * is open and light. Since X ⊂ f (Y ) ⊂ Z * and Z * is locally connected, applying the condition (λ(O)) to the mapping g we infer that there exists a continuum X ⊂ h(Y * ) that is homeomorphic to X such that g|X : X → g(X ) = X is a homeomorphism. Furthermore, h −1 (X ) = (f * ) −1 (g(X )) = (f * ) −1 (X) ⊂ Y according to (15.1) .
We claim that the partial mapping h|Y :
Then f * (a) = g(h(a)) = g(w) = g(h(b)) = f * (b), contrary to (15.1). Therefore g(w) ) and since f is light, we conclude that h −1 (w) is a singleton. Thus h|Y is a homeomorphism, as needed.
Thus X is a continuum that is homeomorphic with X, and f |X = f * |X = (g|h(X )) • (h|X ) is a homeomorphism. Moreover, f (X ) = f * (X ) = g(h(X )) = g(X ) = X. Therefore (γ) is satisfied; so the proof is complete. are equivalent.
We say that a continuum X has the lifting property with respect to a class M of mappings between compact spaces provided that for every compact space Y , for every mapping f : Y → f (Y ) in M, for every mapping g : X → f (Y ), for all points x ∈ X and y ∈ Y satisfying g(x) = f (y), there is a mappingg : X → Y such that g(x) = y and g = f •g.
In [12, Theorem 1, p. 41] it is proved that each dendrite X has the lifting property with respect to light open mappings under an additional assumption that the mapping g is onto. Actually, the surjectivity of g is not restrictive; moreover, this result and Proposition 12 easily imply that each dendrite has the lifting property with respect to any class M ∈ {O, OM, C, LC, C lc } of light mappings (see also [6] ).
It follows from Theorem 16 that only dendrites have the property. Indeed, it is enough to check condition (ω(C lc )) for a continuum X having the lifting property. So, take a compact space Y , a light mapping f : Y → f (Y ) in C lc such that X ⊂ f (Y ), a point y 0 ∈ f −1 (X) ⊂ Y , and x 0 = f (y 0 ) ∈ X. Let g : X → f (Y ) be the inclusion mapping. By the lifting property there is a mappingg : X → Y withg(x 0 ) = y 0 and g = f •g. Take X =g(X), and observe thatg : X → X is a homeomorphism, and that y 0 ∈ X . Hence f |X : X → f (X ) = X is a homeomorphism, too.
Summarizing, we get the following corollary.
Corollary.
A continuum X has the lifting property with respect to a class M ∈ {O, OM, C, LC, C lc } of light mappings if and only if X is a dendrite.
Remarks.
(1) Corollary 17 is also true if, in the definition of the lifting property, we restrict compact spaces Y to continua only (see Theorem 16 and condition (γ 0 )). 
